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Abstract
Microstate geometries in string theory replace the black-hole horizon with a smooth geometric
“cap” at the horizon scale. In geometries constructed using superstratum technology, this
cap has the somewhat surprising property that induces very large tidal deformations on
infalling observers that are far away from it. We find that this large-distance amplification
of the tidal effects is also present in horizonless microstate geometries constructed as bubbling
solutions, but can be tamed by suitably arranging the bubbles to reduce the strength of some
of the gravitational multipole moments. However, despite this taming, these tidal effects still
become large at a significant distance from the microstructure. This result suggests that an
observer will not fall unharmed into the structure replacing the black hole horizon.
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1 Introduction
Microstate geometries are, by definition, smooth, solutions of supergravity that have the same
mass and charges as a black hole and resemble the black-hole solution at all scales larger than
the horizon scale. However, instead of having a horizon and singularity, microstate geometries
“cap off” smoothly at large red-shifts (see, for example, [1–11]). To date, huge families of such
geometries have been constructed and they differ from one another only at the scale of the cap.
Such geometries provide explicit, well-controlled support for the kind of horizon-scale structure
that is needed to solve the black hole information paradox [12,13].
If a horizonless structure replaces the black hole horizon, it is very important to see how
and where the deviations from black-hole behavior become significant. Until recently it was
thought that the scrambling of an incoming probe into the black hole microstate geometry
would happen when the probe encounters detailed microstructure at the bottom (or cap) of the
geometry. It has also been suggested that, even on scales where classical physics could naively
be trusted, the presence of a large number of microstates enhances the quantum tunneling, and
hence the absorption of matter by a microstate geometry should be an intrinsically quantum
phenomenon [14, 15]. While these ideas may be important in the scrambling process, recent
work [16,17] has suggested that a more mundane mechanism may also be a leading effect: tidal
forces of an infalling particle can become large, of order the Planck/Compactification scale, when
the particle is a long distance away from the cap.
In this paper we will examine tidal stresses in a broader class of microstate geometries, and
show that, while large tidal forces will typically arise when the probe is at a long distance from
the cap, the region of the onset of these forces can be pushed closer to the cap carefully adjusting
the multipole moments of the metric in the microstate geometry.
For classical black holes, the simplest estimate of tidal forces is obtained from the Riemann
invariant:
I = Rµνρσ Rµνρσ . (1.1)
This has dimensions of length−4 and in a black-hole solution it is proportional to the square of
the mass, m2. Thus
I ∼ m
2
r6
, (1.2)
where r is the radial coordinate. The horizon is located at r ∼ m, and so
Ihorizon ∼ 1
m4
, (1.3)
which indicates that tidal forces on observers crossing the horizon become extremely small for
large black holes. A more sophisticated analysis using geodesic deviation for infalling observers
confirms this expectation.
In this paper we will compute the tidal forces in microstate geometries of the supersymmetric
three-charge black hole in five dimensions. In the duality frame in which the charges of this black
hole correspond to N1 D1 branes, N5 D5 branes and NP quanta of momentum, the throat of the
black-hole solution is a fibration of a deformed three-sphere over the extremal BTZ geometry.
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Since the BTZ geometry is AdS3 divided by a discrete group, it has constant curvature. The
infalling geodesics are then trivial to compute and the tidal stress1 is of order R−2AdS .
The microstate geometries we consider have the same mass and charges as the black hole,
and the same asymptotic AdS3× S3 × T4 (or K3) region. Thus they are dual to pure states of
the (1 + 1)-dimensional CFT with central charge 6N1N5 that counts the entropy of the black
hole.
There are two standard approaches to constructing such microstate geometries: (i) multi-
centered bubbling microstate geometries and (ii) superstrata. Superstrata have the advantage
that their holographically-dual CFT states are well understood at the orbifold point [18, 19, 8].
However, they are only smooth in the D1-D5-P duality frame and in a few other duality frames
in which the momentum charge along the common D1-D5 direction remains a momentum charge
2. In contrast, the bubbling microstate geometries are smooth in all possible duality frames, but
their AdS-CFT dictionary in the D1-D5-P frame is not understood.
One would naively expect that the deviations caused by the microstate structure would
appear as multipole corrections to the BTZ geometry, which are only important very close to
this structure. However, in superstrata it was found that for an infalling observer these multipole
corrections give rise to large tidal forces “half-way down” the throat [16,17]3.
In the D1-D5-P duality frame there are two reasons for this rather unexpected large-distance
amplification of the effects of the microstructure. The first has to do with the effect of the
momentum charge of the D1-D5-P black hole (we will explain this in more detail in a moment).
The second is the ultra-relativistic boost of the probe as it falls into the geometry; this boost
magnifies the curvature deviations4.
The major focus of our paper will be the calculation of tidal forces in bubbling multi-centered
microstate geometries. Since these geometries are smooth in all duality frames, this calculation
can be done both in the D1-D5-P duality frame, where it can be compared to the superstratum
tidal-force calculation [16, 17], and also in other duality frames in which one cannot construct
smooth superstratum solutions. What makes multi-centered geometries more interesting than
superstrata is that their construction allows one to control the multipole moments of the gravi-
tational field and one can use this to soften the tidal impact and create a more black-hole-like
effect on infalling probes.
In the D1-D5-P duality frame, both superstrata and multi-centered microstate geometries
have three important length scales: RAdS = (Q1Q5)
1
4 , b ∼ √QP 5 and a parameter, a, which
corresponds to the “size” of the microstructure in the un-warped R3 base space on which both
1This is proportional to the Riemann tensor, and has the units of an acceleration per unit length, which means
length2 .
2These frames are obtained by T-dualities along the T4 and S-dualities, which are the duality transformations
that preserve the AdS3× S
3 region of the microstate geometries.
3That is, they become large when the radial coordinate, r, is at the geometric mean of the scales at the top
and bottom of the capped-BTZ throat.
4It is also possible to compute the tidal force in five-dimensional microstate geometries, where the three charges
of the black hole correspond to M2 branes wrapping three orthogonal two-tori inside a T6, and in these solutions
the large-distance amplification of the tidal distortion comes only because of the boost of the infalling probe.
5The charges Q1, Q5 and QP are “supergravity” charges with dimension length
−2. They are related to the
dimensionless, quantized D1, D5 and P charges in (3.12).
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types of solutions are constructed. In superstrata and in generic bubbling microstate geometries
with a long throat, a is also proportional to the left-moving angular momentum, JL. As a
decreases, the BTZ throat of the microstate geometry becomes longer and longer, and the
geometry resembles more and more the classical black-hole geometry. However, because of the
warping, the physical size of the microstructure is independent of a [1, 3].
We will work in the regime QP & (Q1Q5)
1
2 ≫ a, in which the three-dimensional part of
the microstate geometries have a very long capped BTZ throat and hence resemble the BTZ
solution to arbitrary precision. The metric has three distinct regions:
• r & √QP : The AdS3 region, or the upper region of the BTZ geometry.
• a≪ r ≪ √QP : The AdS2 × S1 throat of the BTZ geometry.
• r . a: “The cap,” in which the BTZ throat is smoothly rounded off, usually at high
red-shift.
The tidal forces on an infalling particle in the capped-BTZ throat of superstrata was found
in [16,17] to be of the form
a2QP E
2
r6
, (1.4)
where E is the energy (per unit rest-mass) of the infalling geodesic. For a particle released from
the top of the BTZ throat, one has E2 ∼
√
QP
Ry
, where Ry is the radius of the common D1-D5
circle. It is this tidal force that comes to dominate over the standard BTZ curvature in the
middle of the throat, high above the microstructure.
It was shown in [17] that the term (1.4) is a universal feature of the tidal force felt by an
infalling observer in a superstratum geometry. The factor of a2 comes from the (small) left-
moving angular momentum of the superstratum solution, which cannot be set to zero without
causing the superstratum to degenerate into the classical black-hole solution. This raises the
question as to whether one might be able to cancel the large tidal deformations by using certain
bubbling microstate geometries in which JL can be set to zero while keeping the length of the
capped-BTZ throat finite [1]. The purpose of this paper is to show that terms of the form (1.4)
can indeed be canceled, but this only delays the onset of large tidal forces. Higher multipole
moments are non-zero and these lead to tidal disruption further down the throat.
In Section 2 we give a brief review of the essentials of tidal forces and then, in Section 3 we give
a brief review the results of [16,17] on tidal forces on probes falling into superstrata. In Section
4, we consider the tidal force in five-centered microstate geometries in which the solution can
be chosen to have a Z2 symmetry that causes the angular momentum, JL, to vanish identically.
We show that when JL vanishes, the coefficient of (1.4) vanishes as well. We then look for the
next sub-leading tidal terms and see that they still create large tidal forces, but do so deeper
in the throat. Since the large tidal forces arise at a large distance away from the cap, the
result should not depend on the detailed distribution of charge sources. We can therefore follow
the philosophy in [17], and compute the tidal forces more simply by replacing the topological
bubbles of the microstate geometry by black rings that localize in the cap. We describe this in
Section 5. The tidal computations turn out to be extremely demanding at the computational
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level and we found it essential to streamline them by computing the six-dimensional Riemann
tensor analytically. This useful expression may be found in the Appendix. Out final comments
appear in Section 6.
2 Tides
When one refers to tidal forces, one starts with an observer following a time-like geodesic through
the geometry. If this geodesic has a proper velocity, V µ = dx
µ
dτ , then the equation of geodesic
deviation is:
Aµ ≡ D
2Sµ
dτ2
= −Rµνρσ V νSρV σ , (2.1)
where Sρ is the deviation vector. By synchronizing the proper time of neighboring geodesics,
one can arrange SρVρ = 0 over the family of geodesics. Thus S
ρ is a space-like vector in the
rest-frame of the geodesic observer. One can re-scale Sµ at any one point so that SµSµ = 1 and
then Aµ represents the acceleration per unit distance, or the tidal stress. The skew-symmetry of
the Riemann tensor means that AµVµ = 0, and so the tidal acceleration is similarly space-like,
representing the tidal stress in the rest-frame of the infalling observer with velocity, V µ.
It is convenient to define the “tidal tensor” along the geodesic
Aµρ ≡ −Rµνρσ V ν V σ , (2.2)
The symmetries of the Riemann tensor imply that Aµν = Aνµ and AµνV ν = 0. It follows that
Aµν is diagonalizable and its non-trivial eigenvectors are space-like. The norm of the tidal tensor
|A| ≡ √AµρAρµ . (2.3)
therefore provides an excellent measure of (and bound upon) the tidal forces experienced by the
geodesic observer. Indeed, the maximal tidal stress is bounded between 1√
s
|A| and |A|, where s
is the number of spatial directions.
This paper will focus on calculating |A| in a variety of microstate geometries. It is also
useful to note that since V µ = dx
µ
dτ is dimensionless, A has the same dimensions as the curvature
tensor, length−2.
The geometries we will consider are all asymptotic to AdS3 ×S3, and we will choose geodesics
that start from rest in the asymptotically-AdS region and penetrate deep into the interior. This
will mean choosing geodesics with vanishing angular momenta on the S3, and with no momentum
along the D1-D5 common circle, so that there are no angular momentum barriers.
Since all the metrics we consider are BPS, the geometries are time independent, and so the
geodesics will have a conserved energy, E. The energy E will be determined by the release point
of the probe geodesic in the asymptotically AdS region. This will then typically leave the “radial
infall” to be determined through the conserved quantity obtained from the metric:
gµν
dxµ
dτ
dxν
dτ
= − 1 . (2.4)
We will compute |A| for these geodesics.
6
It was evident from the work of [16, 17] that the ultra-relativistic boost, created by infall
from the asymptotic region, significantly enhances the tidal forces on probes. Intuitively this is
the same as hitting rough road at excessive speed. Since |A| is quadratic in velocities, it has
terms that are quadratic in E, and it is precisely these terms that were found in [16,17] to lead
to the strongest tidal forces. We will see the same phenomenon here.
3 Tidal forces in superstrata
The starting point for constructing superstrata is the six-dimensional (1, 0) supergravity coupled
to two anti-self-dual tensor multiplets. This theory is obtained by compactifying type IIB string
theory on T4 or K3 and retaining all the fields that are invariant under the rotations on the
tangent space of the compactification manifold. In other words, one only keeps fields that have
no components on the compactifcation manifold, or are proportional to the volume form on this
manifold.
The BPS solutions of this six-dimensional theory have been extensively discussed in the
literature (see, for example, [20, 3, 4, 10]). For BPS solutions, the six-dimensional part of the
metric can be written as [21]:
ds26 = −
2√P (dv + β)
[
du+ ω + 12 F (dv + β)
]
+
√
P ds24 . (3.1)
For superstrata one takes the metric, ds24, on the four-dimensional base, B, to be that of flat R4,
and it is most convenient to write this in terms of spherical bipolar coordinates:
ds24 = Σ
(
dr2
r2 + a2
+ dθ2
)
+ (r2 + a2) sin2 θ dϕ21 + r
2 cos2 θ dϕ22 , (3.2)
where
Σ ≡ (r2 + a2 cos2 θ) . (3.3)
The coordinates, u and v, are the standard null coordinates, which are related to the canonical
time and spatial coordinates via:
u = 1√
2
(t− y) , v = 1√
2
(t+ y) , (3.4)
where y is the coordinate around S1 with
y ≡ y + 2πRy . (3.5)
The tensor gauge fields are determined by scalar potentials, ZI , and magnetic two-form
fields, ΘI , on the four dimensional base. For historical reasons
6 the index I takes the values
1, 2, 4. These fluxes and potentials as well as the function F , and the one-forms, β and ω, on the
base B, are determined by the BPS equations and by requiring regularity. The details will not
concern us here as we will consider classes of solutions that have been constructed elsewhere.
6These solutions were originally formulated in five dimensions and the fields Z3 and Θ3 have become part of
the Kaluza-Klein geometry: Z3 has been absorbed in F in (3.1) and β is the potential for Θ3.
7
Supersymmetry also fixes the warp factor, P, in the metric is in terms of the electrostatic
potentials:
P ≡ Z1 Z2 − Z24 . (3.6)
The potentials, Z1, Z2 and F , encode the electric D1, D5 and momentum (P) charges of the
system.
3.1 A terminated-BTZ geometry: the blackened supertube
Since superstrata are rather cumbersome to work with, [17] introduced a geometry that gives rise
to the same tidal forces, but is much easier to construct and analyze: the blackened supertube.
This solution has the same throat as a BTZ black hole, but has a nontrivial structure at its
bottom. In order to distinguish these generically singular solutions from the smooth capped-
BTZ geometries constructed as superstrata and as bubbling geometries, we will refer to them
as terminated-BTZ geometries.
The potentials of the blackened supertube geometry are [17]
Z1 =
Q1
Σ
, Z2 =
Q2
Σ
, Z4 = 0 ; F = − 2QP
Σ
. (3.7)
The supertube has a KKM dipole charge which comes from the non-trivial fibration vector, β:
β =
Ry a
2
√
2Σ
( sin2 θ dϕ1 − cos2 θ dϕ2 ) . (3.8)
The exact BPS solution is given by:
ω = ω0 +
√
2 a2QP Ry
sin2 θ cos2 θ
Σ3
[
(r2 + a2) dϕ1 − r2 dϕ2
]
. (3.9)
where
ω0 ≡ a
2Ry√
2Σ
(sin2 θdϕ1 + cos
2 θ dϕ2) . (3.10)
If one sets QP = 0 this solution becomes the smooth, maximally-spinning supertube whose
regularity at the supertube locus, r = 0, θ = pi2 , also requires:
Q1Q2 = R
2
y a
2 . (3.11)
Adding the momentum charge, QP , creates a singular source at the supertube locus, as
well as closed time-like curves (CTC’s) in the immediate vicinity. Given that such a solution is
necessarily singular, one no longer needs to impose the condition (3.11). While this solution is
certainly pathological around r = 0, θ = pi2 , we will discuss below how it is still extremely useful
as a tool to study tidal forces.
The parameters, Q1, Q5 and QP are the supergravity charges of this solution and they are
related to the quantized charges, N1, N5 and NP via [20]:
Q1 =
(2π)4N1 gs α
′3
V4
, Q5 = N5 gs α
′ , QP = N−1NP , (3.12)
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where N is given by:
N ≡ N1N5R
2
y
Q1Q5
=
V4R
2
y
(2π)4 g2s α
′4 =
V4R
2
y
(2π)4 ℓ810
=
Vol(T 4)R2y
ℓ810
. (3.13)
Here, ℓ10 is the ten-dimensional Planck length and (2π)
7g2sα
′4 = 16πG10 ≡ (2π)7ℓ810. The
quantity, Vol(T 4) ≡ (2π)−4 V4, is sometimes introduced [22] as a “normalized volume” that is
equal to 1 when the radii of the circles in the T 4 are equal to one in Planck units.
The quantized angular momenta can be read-off from the large-r behavior of ω, and are
given by
jL = jR =
1
2 N a2 . (3.14)
3.2 Terminated-BTZ geometries and superstrata
If one sets a = 0 in the metric determined by (3.7), (3.8) and (3.9), one obtains the extremal
BTZ metric times that of S3:
ds26 =
√
Q1Q5
dr2
r2
+
1√
Q1Q5
(− r2dt2 + r2 dy2 +QP (dy + dt)2)
+
√
Q1Q5
(
dθ2 + sin2 θ dϕ21 + cos
2 θ dϕ22
)
.
(3.15)
At large r, the BTZ metric becomes that of a Poincare´ AdS3. For r < QP , the radius of the
y-circle stabilizes and the metric looks like a that of a Poincare´ AdS2 ×S1. The BTZ horizon is
located at r = 0. Despite appearances, the BTZ metric is actually that of AdS3 quotiented by
a discrete group, and so has constant curvature.
This means that, for small a, the blackened supertube metric described in Section 3.1,
behaves exactly like the BTZ metric (times an S3) for r ≫ a. In particular, for r ≫ QP , the
metric is that of Poincare´ AdS3. If there is a range in which one has a
2 ≪ r2 ≪ QP then the
geometry will have a long AdS2 ×S1 throat. Henceforth we will assume that
QP ≫ a2 , (3.16)
so that the geometry does indeed have a long BTZ-like throat.
As one approaches r ∼ a, the geometry “terminates” and there is a finite redshift between
any point in a smooth region at the cap and any point in the large-r, AdS3 region. For obvious
reasons we refer to geometries like this as “terminated-BTZ” geometries. The unfortunate aspect
of the blackened supertube is that it is singular and has closed time-like curves as one approaches
r = 0, θ = pi2 .
The difference between generic terminated-BTZ geometries and superstrata is that in super-
strata the BTZ geometry terminates with a smooth horizonless cap. This is why we generically
refer to them as capped-BTZ geometries. For r ≫ a, they have exactly the same features as the
blackened supertube. However, in superstrata, the momentum charge is created by a momentum
wave traveling along the supertube. There are vast numbers of ways to create such a wave in the
CFT and produce a smooth, horizonless gravity dual [20,3,4,10]. Such solutions are technically
very complicated, but, as was evident from the work of [17], if one wishes to study the tidal
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effects in the BTZ throat of superstrata, it suffices to work with the much simpler, blackened
supertube metric. We will therefore use this simpler metric and summarize the results found
in [17].
3.3 Tidal forces in terminated-BTZ geometries
The blackened supertube metric has four isometries and they guarantee the following conserved
momenta7:
L1 = K(1)µ
dxµ
dτ
, L2 = K(2)µ
dxµ
dτ
, P = K(3)µ
dxµ
dτ
, E = −K(4)µ
dxµ
dτ
, (3.17)
where K(I) are the Killing vectors: K(J) =
∂
∂ϕJ
, K(3) =
∂
∂v and K(4) =
∂
∂u . Note that we have
reversed the sign of E relative to [17].
There is also the conserved quantity (2.4). However, this is not enough to determine the
geodesic motion. Instead we use discrete symmetries and fix on the simpler geodesics. In
particular we note that the metric is invariant under θ → −θ and θ → π − θ, which means that
it is consistent with the geodesic equations to set θ = 0 or θ = pi2 . Following [17] we choose the
latter:
θ =
π
2
,
dθ
dτ
= 0 . (3.18)
For the geodesic to be able to fall from large values of r down to r = 0, one must take:
L1 = 0 , L2 = 0 , P = − E . (3.19)
For r →∞, one has
du
dτ
=
dv
dτ
=
E
√
Q1Q5
r2
⇒ dt
dτ
=
E
√
2Q1Q5
r2
,
dy
dτ
= 0 . (3.20)
Thus the particle has no y-velocity at infinity and, for standard time-orientations ( dtdτ > 0), one
must have
E > 0 . (3.21)
Using (2.4), the radial motion is determined by
(dr
dτ
)2
=
2E2
r2
[
(r2 + a2)
(
1 +
QP
r2
)
− a
4R2y
Q1Q5
]
− (r
2 + a2)√
Q1Q5
. (3.22)
If the particle is released from rest at r = r∗, and if one assume that r2∗ ≫ a2 and
√
Q1Q5 ≫ a2,
one finds:
E2 =
r4∗
2 (r2∗ +QP )
√
Q1Q5
. (3.23)
The magnitude of the generic E for r∗ ≫
√
QP is then:
|E| ∼ r∗√
2 (Q1Q5)1/4
. (3.24)
7As usual with geodesics, these quantities are “momenta per unit rest mass,” and so their dimensions must be
adjusted accordingly.
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Computing |A|2 leads to a complicated quadratic in E2. If one sets a = 0 one arrives at the
standard BTZ tidal force result
|A|BTZ =
√
2√
Q1Q5
=
√
2√
N1N5
√
Vol(T 4)
ℓ410
, (3.25)
which is always extremely small for large N1N5.
Of considerably more interest are terms that dominate when the particle is in the AdS2
throat:
a2 ≪ r2 ≪ QP ,
√
Q1Q5 . (3.26)
Indeed, the simplest and most effective approach to obtain these terms is to first expand |A| for
small a, and then expand that result for large Q1Q5. One finds the leading term:
|A|throat ∼ 4
√
6 a2QP E
2
r6
(
1 +
32QP R
2
y
3Q1Q5
)1/2
. (3.27)
If one takes r∗ &
√
QP and implicitly defines α such that r ≡ a(1−α)Q
1
2
α
P the coefficient in
equation (3.27) becomes:
|A|throat ∼ 2
√
6√
Q1Q5
(
QP
a2
)2−3α
=
2
√
6√
N1N5
(
NP
2 jL
)2−3α √Vol(T 4)
ℓ410
. (3.28)
This is the dominant tidal force for 0 < α < 23 . (For α >
2
3 the tidal force is dominated by the
BTZ result (3.25).)
If one considers superstrata in the Cardy regime
Q1Q5
R2y
∼ QP ⇔ NP ∼ N1N5 , (3.29)
then the tidal force becomes
|A|throat ∼ 1
aRy
(
QP
a2
)3( 1
2
−α
)
=
1√
jL
(
QP
a2
)3( 1
2
−α
) √
Vol(T 4)
ℓ410
=
1√
jL
(
NP
2 jL
)3( 1
2
−α
) √
Vol(T 4)
ℓ410
.
(3.30)
The microstate geometries with the longest capped BTZ throats have jL ∼ 1. One also sees
that the tidal forces become large when compared to the compactification scale for α < 12 , which
corresponds to:
r . a
1
2 Q
1
4
P . (3.31)
This was the surprise in [16, 17]: the tidal force become large, compared to the compactifi-
cation/Planck scales, at a large distance away from the cap. If one is to measure the length of
the AdS2 throat by naively integrating
√
grr from r ∼ a to r ∼
√
QP to , one can see that the
location where tides become large is exactly “half-way down” the throat. The goal now is to see
how this scrambling might be softened in more generic microstate geometries.
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Figure 1: The model we consider has 5 Gibbons-Hawking points arranged in a Z2 symmetric
manner along the z-axis. The locations of the points are determined by two scale parameters, a
and ∆.
4 Multi-centered microstate geometries
Here we will consider the tidal force on an infalling probe in a microstate geometries with a
Gibbons-Hawking base. While the previous solutions had non-vanishing angular momentum,
multi-centered solutions with a large number of centers can be arranged to have small, or even
vanishing, multipole moments. We would like to understand how this affects the tidal force.
Because of their complexity, it is not possible to work directly with solutions made of a large
number of GH points. We focus in this section on a simple model with five GH points and a
vanishing SU(2)L angular momentum, JL, similar to the “pincer movement” described in [1].
In the scaling limit, it can be seen as a microstate geometry corresponding to two concentric
black rings [23].
4.1 A smooth solution with 5 GH centers
The solution we consider is most easily written in terms of the five-dimensional GH formulation,
except that we are going to uplift this to six-dimensions and write everything in terms of six-
dimensional quantities so as to facilitate comparisons of tidal forces. We follow the standard
procedure as outlined in [1, 24,11].
The metric is still (3.1), but the four-dimensional part, ds24, is the Gibbons-Hawking metric
written in cylindrical polar coordinates:
ds24 = V
−1 (dψ +A)2 + V (dρ2 + ρ2dφ2 + dz2) . (4.1)
To construct a solution with vanishing SU(2)L angular momentum, we choose five Gibbons-
Hawking points aligned on the z-axis, and symmetric under the Z2 transformation z → −z.
Specifically, their distances to the origin are respectively denoted by z1 = −∆ − a, z2 = −a,
z3 = 0, z4 = a and z5 = a+∆ (see Fig. 1).
We also choose the Gibbons-Hawking charges to be Z2 symmetric :
V =
1
rˆ
+ q
(
1
rˆ1
− 1
rˆ2
− 1
rˆ4
+
1
rˆ5
)
(4.2)
where rˆj ≡
√
ρ2 + (z − zj)2 denotes the distance to the j-th point in the R3 base of the GH
space. The potential, A, is then fixed by requiring ~∇× ~A = ~∇V and A→ 0 at infinity.
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We now introduce the harmonic functions
KI = kI
(
1
rˆ2
+
1
rˆ4
)
+ k˜I
(
1
rˆ1
+
1
rˆ5
)
(4.3)
LI = δ
3
I −
|ǫIJK |
2q
(
−kJkK
(
1
rˆ2
+
1
rˆ4
)
+ k˜J k˜K
(
1
rˆ1
+
1
rˆ5
))
(4.4)
M = − (k3 + k˜3) + 1
2q2
(
k1k2k3
(
1
rˆ2
+
1
rˆ4
)
+ k˜1k˜2k˜3
(
1
rˆ1
+
1
rˆ5
))
(4.5)
for I = 1, 2, 3, and define the warp factors appearing in the metric
P = Z1Z2 and F = 1− Z3
2
, ZI ≡ LI + 1
2
|ǫIJK |V −1KJKK . (4.6)
The remaining variables take the form
β = V −1K3(dψ +A) + σ (4.7)
ω = µ(dψ +A) +̟ (4.8)
with
µ = V −2K1K2K3 +
1
2
V −1KILI +M (4.9)
and
~∇× σ = − ~∇K3 (4.10)
~∇×̟ = V ~∇M −M~∇V + 1
2
(KI ~∇LI − LI ~∇KI) (4.11)
These last equations have standard solutions (see, for example, [25,26,24,11]). The constant
dφ components in σ and ̟ are fixed by requiring that β and ω vanish as rˆ →∞. We will also
add a constant multiple of dψ to β so as to cancel the constant part of K3/V in (4.7) as rˆ →∞.
The coefficients in the harmonic forms have been chosen to ensure that the resulting metric is
everywhere smooth (it has no Dirac strings) providing it verifies the “bubble equations” [25–27].
In our geometries these equations are:
a∆(2a+∆)q2
(
k3 + 2q(k3 + k˜3)
)
= k1k2k3
(
2a2q + 2a∆(q + 1) + ∆2
)
+ 2aq(a+∆)
(
k˜1
(
k˜2 + k2
)(
k˜3 + k3
)
+ k1k˜2
(
k˜3 + k3
)
+ k1k2k˜3
) (4.12)
(
k1k2k3 − aq2(k3 + k˜3))(a+∆) = − k˜1k˜2k˜3a (4.13)
One can use the second equation to express ∆ as a function of a, and then replace it in the first
equation to obtain a as the root of a third-order polynomial.
4.2 Asymptotic expansion of the solution
Although this model is much simpler than a generic multi-center solution, it still has a level of
complexity that prohibits the exact computation of |A|. We therefore use an approximation of
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the solution, and make sure it is good enough to contain the terms we are looking for. We are
mostly interested in the behavior of the tidal force in the AdS2 throat, for which
a,∆ ≪ rˆ < Q,QP . (4.14)
An expansion of the metric in the radial distance would not be trivial here because of the
constraint that r must be smaller than the charges. A simpler choice is to expand the metric in
small a and small ∆. We will then write ∆ ≡ δ a with δ < 1, and expand the metric in a.
The form of the expansion in spherical coordinates is as follows (V and A are given by
Legendre polynomials) :
F = − QP
4rˆ
− a
2QP (3 cos
2 θ − 1)f3
rˆ3
− a
4QP
rˆ5
(
2∑
k=0
f5,2k cos(2kθ)
)
+O
(
a5
)
√
P = Q
4rˆ
+
a2Q
(
3 cos2 θ − 1) p3
rˆ3
+
a4Q
rˆ5
(
2∑
k=0
p5,2k cos(2kθ)
)
+O
(
a5
)
V =
1
rˆ
+
a2
(
3 cos2 θ − 1) v3
2rˆ3
+
a4
(
35 cos4 θ − 30 cos2 θ + 3) v5
8rˆ5
+O
(
a5
)
Aφ = (cos θ − 1)− 3a
2 cos θ sin2 θ v3
2rˆ2
+
a4 sin θ
(
60 cos θ sin θ − 140 cos3 θ sin θ) v5
32rˆ4
+O
(
a5
)
βψ =
a2B
(
3 cos2 θ − 1)
rˆ2
+
a4B
rˆ4
(
2∑
k=0
b4,2k cos(2kθ)
)
+O
(
a5
)
βφ =
a2B(4 cos θ − 3 cos(2θ)− 1)
2rˆ2
+
a4B(cos θ − 1)
rˆ4
(
3∑
k=0
b˜4,k cos(kθ)
)
+O
(
a5
)
(4.15)
ωψ =
J
rˆ
+
a2J
(−1 + 3 cos2 θ)kψ3
rˆ3
+
a4J
rˆ5
(
4∑
k=0
kψ5,2k cos(2kθ)
)
+O
(
a5
)
ωφ =
J(−1 + cos θ)
rˆ
− 3aJ cos θ sin
2 θkφ2
rˆ2
+
a2J
(
(−1 + cos θ)(−1 + 3 cos2 θ)kψ3 − 3 cos θ sin2 θkφ3)
rˆ3
− 5a
3J(9 cos θ + 7cos(3θ)) sin2 θkφ4
8rˆ4
+
a4J
8rˆ5
(
8(−1 + cos θ)
( 4∑
k=0
kψ5,2k cos(2kθ)
)
− 6 cos θ(1 + 3 cos(2θ)) sin2 θkψ3 v3
− 5(9 cos θ + 7cos(3θ)) sin2 θkφ5
)
+O
(
a5
)
This expansion depends on the asymptotic charges Q =
√
Q1Q5, QP , J ≡ JR and B, as well
as on several dimensionless parameters, fk, pk, vk . . . .
By expanding the exact solution, defined by (4.1)–(4.11), in powers of a, these parameters
can be matched onto expressions involving q, the charges kI and k˜I , and the distance ratio δ.
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The “unusual” charge, B, is expressed in terms of these parameters as
B =
(
1− 2 q δ(2 + δ)) (k3 + k˜3) + δ(2 + δ) k˜3 . (4.16)
Note that we need to expand up to order a4, because the dominant term in the tidal force
in superstrata and in terminated-BTZ geometries was of this order.
4.3 Tidal forces
The computation of the tidal forces of an infalling particle in this geometry is performed in much
the same way as in Section 3.3. We restrict ourselves to geodesics along the z-axis as they are
simpler to compute, since they have no velocity along the φ and ρ directions.
The Killing vectors of the metric are
K(1) = ∂
∂u
, K(2) = ∂
∂v
, K(3) = ∂
∂ψ
, K(4) = ∂
∂φ
. (4.17)
They are associated to the following conserved quantities :
E = −K(1)µ dx
µ
dτ
, P3 = K(2)µdx
µ
dτ
, P1 = K(3)µdx
µ
dτ
, P2 = K(4)µ dx
µ
dτ
. (4.18)
We are looking for geodesics that fall down to rˆ = 0. To remove the centrifugal barriers, we
need to impose
P1 = P2 = 0 and E = P3 . (4.19)
This fixes all components of the velocity but one:
du
dτ
=
E√P
(
V µ
(
µ+
K3
V
)
− P(1 −F)
)
(4.20)
dv
dτ
= − E
√
P + E√P K
3
(
µ+
K3
V
)
(4.21)
dψ
dτ
= − E√P V
(
µ+
K3
V
)
(4.22)
The radial velocity is then determined using the metric condition (2.4), which translates to
√
P V
(
dz
dτ
)2
+
E2√P
(
V
(
µ+
K3
V
)2
− P (2−F)
)
= − 1 . (4.23)
Note that if one lets the geodesic start from a large distance rˆ∗, by requiring drdτ |rˆ=rˆ∗ = 0
one finds that its energy scales like
|E| ∼ 2
√
rˆ∗
Q
, (4.24)
which is similar to the previous result (3.24) (the distance rˆ∗ is here in the coordinates of the
R
3 base of the Gibbons-Hawking space).
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It is then possible to compute the tidal force through the formula (2.3). We look for the
dominant contribution well inside the AdS2 throat, in the regime
a ≪ z ≪ Q,QP . (4.25)
The leading term in E2 of the norm of the tidal tensor is determined to be
|A| ∼ Ca
2QPE
2
rˆ4
(4.26)
where C is a constant depending on the parameters of the expansion (4.15), and on δ. It contains
a great number of terms, but if we focus on the terms independant of J , we find
C2 ⊃ 18 B
2QP
Q2
+
27
32
v23 −
9
2
v3 (2p3 + f3) + 72 p3 (p3 − f3) + 54 f23 . (4.27)
There are other terms with lower powers of rˆ−1 in the tidal force, but they are sub-leading
because they also have lower powers of Q or QP , especially when one takes into account the fact
that E is large.
This result is to be compared to the one for superstrata and for the terminated-BTZ geometry
(3.27). We recall that a and rˆ are distances in GH coordinates, they are related to the spherical
bipolar coodinates through a ≈ 14a2s.b. and rˆ ≈ 14r2s.b.. The tidal force we find here is suppressed
by a factor a/rˆ relative to the result in superstrata and in the terminated-BTZ geometry.
Using (4.24) with rˆ∗ = QP and setting 4rˆ = (4a)(1−α)QαP , one obtains
|A| ≈ C
Q
(
QP
4a
)2(1−2α)
≈ C√
N1N5
(
NP
2 jˆL
)2(1−2α) √Vol(T 4)
ℓ410
. (4.28)
where we have introduced jˆL = 2Na as a parameter that measures the angular momentum of
each bubble. This expression should be compared with (3.28). Here the cross-over between the
tidal forces from the constant-curvature background to the dominance of multipoles comes at
α = 12 , as opposed to α =
1
3 . Moreover, if one also has Qp of the order given in (3.29), one finds
|A| ≈ C
√
1
jˆL
(
NP
2 jˆL
) 1
2
(3−8α) √Vol(T 4)
ℓ410
. (4.29)
If the angular momentum, jˆL, on the individual black rings is small, then the tidal forces now
become large for α < 38 .
Cancelling the full SU(2)L angular momentum, JL, thus softens the tidal forces, but these
forces still become large a long distance away from the cap.
4.4 A slight asymmetry
Given the previous result, we would like to know if it a more generic configuration will reproduce
the large tidal force of the superstrata and the terminated-BTZ geometries discussed in Section
3. We therefore introduce a small asymmetry in the distribution of GH points.
16
The simplest way to add an asymmetry to the five-center solution is to change one of the
magnetic charges of a GH point. Our choice is to modify the K3 charge of the fifth GH point:
k˜3 → k˜3(1 + ǫ) (the charge of the first GH point stays k˜3).
This change in the fluxes modifies the bubble equations, which in term give rise to a small
change of the distances between centers. However, in order to see how the asymmetry affects the
tidal force one can still use the asymptotic expansion of the solution where the distances between
the centers have not changed. This solution will have regions with closed timelike curves in the
vicinity of the GH centers but, using the philosophy of [17], one can still use it to understand
the generic terms present in the tidal force on an incoming geodesic.
The form of the asymptotic expansion is modified: one has to add terms in odd powers of
a in
√P , ωψ, and β, and add a term to ωφ. These new terms are all proportional to ǫ. The
expansion of F is unchanged.
The same procedure described in the previous sub-section is then used to compute the tidal
force on a geodesic along the z-axis. The Killing vectors and conserved quantities are the same.
In the regime (4.25) we look for the dominant terms in ǫ as ǫ → 0. We do not consider the
terms independent of ǫ since they are identical to the ones found in the previous subsection.
The terms proportional to E2 are
|A| ∼ √ǫ C1 a
3/2Q
1/2
P E
2
rˆ3
+ ǫ
C2 aQPE
2
rˆ3
(4.30)
where C1 and C2 are once again constants that depend on the parameters appearing in the
expansion (4.15) and on δ. While the first term dominates as ǫ→ 0, the second is more relevant
to our discussion since it has a greater power of QP .
Looking at the terms independent of J in C2, we find
C 22 ⊃
B2QP
2Q2
+ 2 p22 . (4.31)
The second term in the tidal force (4.30) is of the same order as (3.27). As it is proportional
to ǫ, this confirms the fact that this term comes from the non-vanishing angular momentum
JL. This is further confirmed in the next section in which we reproduce the same result using a
solution with two concentric black rings.
5 Blackened bubbles
The goal of this section is to use black rings in much the same manner as one can use blackened
supertubes to provide a simpler model of the tidal forces in a scaling, multi-centered bubbled
geometry. Specifically, we are going to replace the pairs of GH points used in Section 4 by
concentric black rings [23,28]. The idea is that the interesting tidal effects arise at a significant
distance away from where one encounters the individual black rings, or pairs of GH points,
and so this will provide a sufficiently good approximation to the tidal effects in the throat of a
multi-centered microstate geometry.
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5.1 Two concentric black rings
The solution we consider is still written in the Gibbons-Hawking formalism. The four-
dimensional base is given by the metric (4.1). However we will reduce the base to R4 by taking
V and A to be:
V =
1
rˆ
, A =
z
rˆ
dφ (5.1)
The underlying harmonic functions are:
K1 = K2 =
k
rˆ1
+
k
rˆ2
, K3 =
k3
rˆ1
+
k3
rˆ2
, L1 = L2 =
Q
rˆ1
+
Q
rˆ2
,
L3 = 1 +
QP
rˆ1
+
QP
rˆ2
, M = − k3 + k3
2
(
c1
rˆ1
+
c2
rˆ2
)
,
(5.2)
where
rˆ1 ≡
√
ρ2 + (z − c1)2 , rˆ2 ≡
√
ρ2 + (z + c2)2 , (5.3)
and c1, c2 > 0. Note that the poles of the M harmonic function have already been chosen
such that the configuration solves the bubble equations, and hence has no Dirac-Misner strings.
We also recall the warp factors and angular momentum function along the GH fiber defined in
(4.6,4.9):
Z1 = Z2 =
K1K3
V
+ L1 , Z3 =
K1K2
V
+ L3
µ = V −2K1K2K3 + 12 V
−1(K1L1 +K2L2 +K3L3) + M . (5.4)
Furthermore, the angular momentum along the R3 base of the GH space, satisfying (4.11) is:
̟ =
k3
2 rˆ
(
1
rˆ1
(
ρ2 + (z − c1 + rˆ1)(z − rˆ)
) − 1
rˆ2
(
ρ2 + (z + c2 − rˆ2)(z + rˆ)
))
dφ . (5.5)
This solution represents two concentric black rings, one wrapping the ψ-fiber at ρ = 0, z = c1
and the other wrapping the ψ-fiber at ρ = 0, z = −c2. These rings have the same dipole charges
(k, k, k3) and the same Page charges (Q,Q,QP ) [29]. Their asymmetry only comes from the
coefficients of the poles in the harmonic function, M , and these constants encode the intrinsic
angular momenta of the rings [30].
These ring angular momenta in turn control the locations of the rings on the z-axis. Note
that the full supergravity angular momentum charges are not the same as the ring angular
momenta:
JR = 8 (8 k Q+ 4 k3QP + k3(c1 + c2) + 16 k
2 k3) , JL = 8 k3 (c1 − c2) . (5.6)
Finally, we observe that the change of coordinate that takes the origin, rˆ = 0, and the point
ρ = 0, z = c1 to the spherical bipolars is defined by [31]:
rˆ = 14(r
2 + a2 cos2 θ) , rˆ1 =
1
4 (r
2 + a2 sin2 θ) , c1 =
1
4 a
2 . (5.7)
To find the conserved charges one must expand the warp factors at infinity
Z1,2 ∼ 2(Q+ 2kk3)
rˆ
∼ 8(Q+ 2kk3)
r2
, Z3 ∼ 1+ 2(QP + 2k
2)
rˆ
∼ 1+ 8(QP + 2k
2)
r2
. (5.8)
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If one dualizes the five-dimensional supergravity solution encoded by these functions to the
duality frame in which the charges of the black rings correspond to D1 branes, D5 branes and
momentum along the common D1-D5 direction, there are two ways to obtain a six-dimensional
solution. These were discussed in detail in Appendix B of [32]. The first way8 gives rise to the
six-dimensional supergravity parameters [33]:
P = Z1 Z2 , F = −Z3 , (5.9)
β =
K3
V
(dψ +A) − k3
(
(z − c1)
rˆ1
+
(z + c2)
rˆ2
)
dφ , ω = µ (dψ +A) + ̟ . (5.10)
and this leads to
u = t , v = t+ y . (5.11)
This is different from the uplift used in Section 3, and which gives the coordinates9 (3.4). As
explained in [32] the two ways of relating five-dimensional and six-dimensional solutions are
related by a coordinate transformation in six dimensions. The expression (5.10) for β, is also in
a different gauge to the one given in (3.8).
5.2 Frames and geodesics
To find convenient set of frames, we first note that one can write (3.1) as
ds26 = −
1
Z3
√P (du+ ω)
2 +
Z3√P
(
(dv + β) − Z−13 (du+ ω)
)2
+
√
P ds24 . (5.12)
Since Z3 → 1 and
√P ∼ r−2 as r →∞, the coordinate identifications (5.11) become clear.
We therefore choose frames:
e0 ≡ Z−
1
2
3 P−
1
4 (du+ω) , e1 ≡ P− 14
(
Z
1
2
3 (dv+β) − Z
− 1
2
3 (du+ω)
)
, ej+1 ≡ P 14 eˆj ,
(5.13)
for j = 1, 2, 3, 4, where eˆj are orthonormal frames on ds24. In Appendix A we compute the frame
connections and curvature for this set of frames, using a generic four-dimensional base metric
(assuming that all quantities are independent of both u and v). These explicit formulae greatly
streamline the Mathematica computations later.
Here, however, we use the following four-dimensional frames, based on the metric given by
(4.1) and (5.1):
eˆ1 ≡ V − 12 (dψ +A) , eˆ2 ≡ V 12 dρ , eˆ3 ≡ V 12 ρ dφ , eˆ4 ≡ V 12 dz . (5.14)
The Killing vectors are now:
K(1) = ∂
∂u
, K(2) = ∂
∂v
, K(3) = ∂
∂ψ
, K(4) = ∂
∂φ
, (5.15)
8This corresponds to Reduction 1 in the language of [32].
9This corresponds to Reduction 2 in the language of [32].
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with the associated conserved quatities
E = −K(1)µ dx
µ
dτ
, P3 = K(2)µdx
µ
dτ
, P1 = K(3)µdx
µ
dτ
, P2 = K(4)µ dx
µ
dτ
. (5.16)
It is useful to define frame velocities:
va ≡ eaµ dx
µ
dτ
, a = 0, 1 . . . , 5 . (5.17)
One can then use the conserved quantities to write:
v0 = Z
− 1
2
3 P
1
4 (Z3E − P3) , v1 = Z−
1
2
3 P
1
4 P3 , v
2 = P− 14 V 12
(
Eµ+ P1 − K
3
V
P3
)
v3 = P 14 V 12 dρ
dτ
, v4 = P 14 V 12 ρ dφ
dτ
, v5 = P 14 V 12 dz
dτ
.
(5.18)
We are going to consider geodesics that have no angular motion in y, ψ and φ at infinity.
This means
P1 = P2 = P3 = 0 . (5.19)
This differs from (3.19) and (4.19) because we are using six-dimensional coordinates (5.11), and
not (3.4).
We are also going to consider the simplest possible infalling geodesics: those that fall along
the z-axis from z ≫ c1. It is easy to check that this is consistent with the geodesic equations.
As a result we also have
dρ
dτ
=
dφ
dτ
= 0 , (5.20)
along the entire geodesic. With these choices (2.4) becomes
− (v0)2 + (v2)2 + (v5)2 =
√
P V
(
dz
dτ
)2
+
E2√P
(
V µ2 − Z3 P
)
= − 1 , (5.21)
which determines the proper z velocity. One can use this to verify that if the probe is released
from rest at z ∼ QP , then one has
E ∼
√
QP
Q
. (5.22)
Using the conserved quantities, the other velocities are given by:
du
dτ
=
E√P (P Z3 − V µ
2) ,
dv
dτ
=
E√P (P −K
3 µ) ,
dψ
dτ
=
E V µ√P . (5.23)
However, in the computation of the tidal forces it is simpler to use the frame velocities (5.18).
5.3 Tidal forces
Despite the simplifications, it is still a challenge to use Mathematica and the Riemann tensor
in Appendix A, to obtain the norm of the tidal tensor, |A|. Indeed, it is simpler to work with
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|A|2. Because we are looking at geodesics on the z-axis for z > c1, this is purely a function of z
but it is the ratio of two degree-48 polynomials in z!
There are six control parameters of primary interest c1, c2, Q,QP , E and z, and we are
particularly interested in the regime where
c1, c2 ≪ Q,QP , z . (5.24)
We therefore start by expanding in small c1, c2. The norm-square of the tidal tensor, |A|2, is a
quadratic in E2, and the leading term in E4 is
(c1−c2)2E4
[
Q2P
2 z6
(3−4ν+2ν2) + QP
2 z5
(2−5ν+4ν2) + 3
16 z4
(1−2ν)2
]
, ν ≡ k
2
3QP
Q2
. (5.25)
Indeed, at cubic order in c1, c2, the E
4 term is proportional to (c1 − c2).
If one takes
c1, c2 ≪ z ≪ Q,QP , ν . O(1) , (5.26)
then one arrives at
|A| ≈ E2 |c1 − c2|QP|z|3
√
3− 4ν + 2ν2 . (5.27)
This is to be compared with (3.27) and (4.30), and it is precisely the analogous term. One
should remember that in the regime (5.24), on the z-axis, (5.7) reduces to z ≈ rˆ ≈ 14r2 and
c1 =
1
4a
2.
Hence, this term may be rewritten, using (5.6), as:
|A| ≈ E2 |JL|QP
8 k3 |z|3
√
3− 4ν + 2ν2 ≈ E2 8 |JL|QP
k3 r6
√
3− 4ν + 2ν2 . (5.28)
One can also look at other powers of E2 in |A|2 for the parameter range (5.26). While there
are lower powers of z−1, the expansion does not have any net positive powers of Q or QP in
the expansion, and so these tidal terms are sub-leading compared to (5.25) especially when one
takes into account the fact that E is large.
Indeed, the only other interesting term in |A| comes from setting c1 = c2 = 0:
|A|c1=c2=0 =
1
4
√
2 (Q+ 2k k3)
. (5.29)
In this limit the two black rings merge and form a black hole. As one can see from (5.8), the
D1 and D5 five-dimensional supergravity charges of the solution, Q1 and Q5, are both equal to
8(Q+ 2kk3). Hence, this term is exactly equal to the “constant curvature” tidal force felt by a
particle falling into a black hole with charges Q1 and Q5 (3.25).
If one sets c1 = c2, this sets JL = 0, and the leading tidal terms described above vanish. The
leading term in |A|2 at order E4 now becomes
|A|2 ≈ E4 18c
4
1Q
2
P
|z|8 (3− 4ν + 2ν
2) . (5.30)
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or
|A| ≈ E2 3
√
2 c21QP
|z|4
√
3− 4ν + 2ν2 ≈ E2 48
√
2 a4QP
r8
√
3− 4ν + 2ν2 . (5.31)
This term is the exact analog of (4.26). This gives further confirmation to the fact that
cancelling the global angular momentum, JL, softens the tidal forces.
While the expression for the tidal tensor is generically extremely complicated, it is instructive
to extract the terms that dominate at large Q and then at large QP . Specifically, as Q → ∞,
A ∼ Q0, and this term grows linearly in QP . That is, for Q≫ Qp ≫ z > a, b > 0, we find:
|A| ≈ E2
√
3
2
QP
(c1 − c2) z3 + 6 c1c2 z2 − 3 (c1 − c2) c1c2 z + c1c2 (c21 + c22)
(z − c1)3(z + c2)3 . (5.32)
This reveals the leading-multipole expansion for the tidal force. In particular, one sees the
explicit role of the singular loci of the black rings. Moreover, when c1 = c2, then the Z2
symmetry is restored and all the odd powers of z disappear, leaving the |z|−4 behavior of (5.31).
One also sees that, in this limit, all the higher, even multipoles of the tidal tensor are non-trivial.
6 Final comments
As shown in [16, 17] an observer falling into a microstate geometry experiences a huge tidal
disruption at a large distance away from the region where this geometry differs significantly
from the black hole. The purpose of our investigation was to understand how much of this tidal
disruption was caused by the finite angular momentum of the microstate geometries considered
in [16,17], and, more generally, how tidal forces arise from the absence of spherical symmetry of
the microstate geometry.
We have seen that the leading-order contribution to the tidal disruption is proportional to the
left-moving angular momentum and vanishes when the microstate geometry has a Z2 symmetry
and hence no left-moving angular momentum. However, we found that the contribution at next
order is finite, and does not vanish. Hence, an infalling observer in Z2-symmetric geometries
still encounters a large tidal disruption away from the cap, but further down the throat than in
geometries without the Z2 symmetry.
One interesting question that merits further investigation is whether one can reduce the tidal
disruption even more by considering even more specially-tuned microstate geometries in which
the appropriate higher-order multi-pole contributions vanish as well. It is evident from (5.32)
that the tidal forces simply reflect the distribution of charge sources in the cap, and so we expect
that higher multipoles could be cancelled by more finely-tuned cap structure. Indeed, one might
be able to reduce the tidal disruption of such microstate geometries to be of order
|A| ∼ a
2nQP E
2
r4+2n
, (6.1)
for some n > 2. In this expression, r is the radial coordinate in R4 and a is the scale of the cap.
This would lead to Planckian tidal forces even closer to the horizon-sized structure, at a scale
of order
r . a1−αQ
1
2
α
P , α =
3
2(n+ 2)
. (6.2)
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It is also interesting to try to relate our tidal-disruption calculations to the recent calculation
of gravitational multipoles of microstate geometries [34]. Our paper has shown that the coeffi-
cient of the leading term in the tidal stress is given by the first angular momentum multipole.
However, we have not identified the combination of multipoles that controls the next-to-leading-
order term found in this paper (4.26),(5.31), nor the next terms in the expansion conjectured
in (6.1). It would be very interesting to identify whether the tidal-disruption terms we find are
controlled by gravitational multipoles and, if so, what are the kinds of microstate geometries
where the tidal disruption is the smallest.
This would also allow us to understand whether a solution with a huge number of small
bubbles, in an almost spherically symmetric configuration, could be arranged so that the tidal
forces will remain very small until the infalling observer moves very close to the bubbles. Indeed,
if a typical solution involves a random distribution of a vast number, N , of bubbles, one would
expect that multipole moments would be suppressed by powers of N , and that one would only
resolve the granularity of the bubbles, and be sensitive only higher multipole moments, when
one is very close to the cap.
Another interesting question is whether the tidal-force calculation can offer us any hint on the
type of black hole microstates that are dual to bubbling solutions. Indeed, unlike superstrata,
for which the holographically-dual states are well understood [18, 19, 8], there is no known
holographic dictionary for asymptotically-AdS3 solutions with smoothly capped BTZ throats
obtained from multiple bubbles. Furthermore, there are arguments that the states dual to
multi-bubble solutions mix with other states as one moves away in moduli space [29,35].
On the other hand, we have seen that multi-bubble solutions give rise to tidal forces that can
me much weaker than those of superstrata (in which the left-moving angular momentum never
vanishes). Hence, an infalling observer in these geometries would, at least initially, experience a
softer landing than in superstrata. This in turn might be argued, using fuzzball-complementarity
philosophy [36] to be a sign that the black-hole states described by multi-bubble microstate
geometries with a long BTZ throat are closer to typicality than those constructed using present
superstratum technology.
Another interesting question that our investigation opens is how much one expects the tidal
forces felt by an observer in a typical microstate of a black hole to differ from those felt in
the classical-gravity solution. The observation that tidal forces may be important at distances
parametrically-larger than the size of the structure that replaces the black-hole horizon [16,17]
gave one reasons to hope for a possible signature of this large tidal disruption in the gravitational
waves emitted when two black holes merge. On the other hand, the result of this paper implies
that in certain states the tidal disruption can be parametrically smaller than in others. Hence,
we believe it is very important to understand whether the presence of large tidal disruptions far
away from the microstucture is a feature of the typical states of the black hole or is an artifact
of the atypicality of the microstate geometries that have been constructed in supergravity.
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A Six-dimensional connections and curvatures
We start from the metric (5.12) and the frames (5.13).
The frame connections, defined by dea + ωab ∧ eb = 0, are
ω01 = −
1
2
P−1/4Zˆaea+1 (A.1)
ω0a+1 = − P−1/4
(
1
2
Zˆa +
1
4
Pˆa
)
e0 − 1
2
ZˆaP−1/4e1 + 1
2
P−3/4Z−1/23 (dωab)eb+1 (A.2)
ω1a+1 = P−1/4
(
1
2
Zˆa − 1
4
Pˆa
)
e1 +
1
2
ZˆaP−1/4e0 + 1
2
P−3/4
(
Z
1/2
3 dβab − Z−1/23 dωab
)
(dωab)e
b+1
(A.3)
ωa+1b+1 = P−1/4ωˆ ad bed+1 +
1
4
P−1/4
(
Pˆbe
a+1 − Pˆaeb+1
)
+
1
2
Z
−1/2
3 P−3/4(dωab)e0
− 1
2
P−3/4
(
Z
1/2
3 dβab − Z−1/23 dωab
)
e1
(A.4)
where ωˆ ad b eˆ
d+1 is the spin connection on the four-dimensional base manifold, and where
Pˆb ≡
(P−1∂µP) eˆµb (A.5)
Zˆb ≡
(
Z−13 ∂µZ3
)
eˆµb (A.6)
dωab ≡ (∂µων − ∂νωµ)eˆµa ∧ eˆνb (A.7)
dβab ≡ (∂µβν − ∂νβµ)eˆµa ∧ eˆνb (A.8)
The components of the 2-form, dωab, should not be confused with the spin connection.
The Riemann curvature tensor 2-form can then be computed through the formula Rab =
dωab + ω
a
c ∧ ωcb . The result is :
R01 = −
1
16
P−1/2
(
PˆaPˆa
)
e0 ∧ e1
− 1
4
P−1
(
1
2
Z
−1/2
3 Pˆa dωab − Z1/23
(
Zˆa +
1
2
Pˆa
)
dβab
)
e0 ∧ eb+1
− 1
4
P−1
(
1
2
Z
−1/2
3 Pˆa dωab − Z1/23 Zˆa dβab
)
e1 ∧ eb+1
− 1
4
P−3/2 dωca dβcb ea+1 ∧ eb+1
(A.9)
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R0a+1 = P−1/2
(
− 3
16
PˆaPˆb − 1
4
ZˆaPˆb − 1
4
ZˆbPˆa +
1
2
ZˆaZˆb +
1
2
∇ˆbZˆa + 1
4
∇ˆbPˆa
− 1
4
Z−13 P−1 dωca dωcb
)
e0 ∧ eb+1
+ P−1/2
(
1
8
ZˆbPˆb +
1
16
PˆbPˆb
)
e0 ∧ ea+1 + 1
8
P−1/2
(
ZˆbPˆb
)
e1 ∧ ea+1
+ P−1/2
(
−1
4
ZˆaPˆb − 1
4
ZˆbPˆa +
1
2
ZˆaZˆb +
1
2
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4
P−1 dωcb
(
dβca − Z−13 dωca
))
e1 ∧ eb+1
+ P−1Z1/23
(
1
4
(
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1
2
Pˆb
)
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1
8
Z−13 Pˆb dωba
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e0 ∧ e1
+
1
8
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(
− 1
4
Z−13 Pˆa dωbc −
1
4
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Z−13 Pˆc dωab −
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Zˆb dβac
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Z−13 ∇ˆc(dωab)
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(A.10)
R1a+1 = P−1/2
(
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(
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(A.11)
25
Ra+1b+1 = P−1/2Rˆab
− 1
4
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(A.12)
We have used the curvature tensor of the base space Rˆab, and its covariant derivative ∇ˆ.
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